The Gelfand-Tsetlin bases for Hodge-de Rham 
systems in Euclidean spaces 

Richard Delanghe, Roman Lavicka and Vladimir Soucek 
December 23, 2010 

Abstract 

The main aim of this paper is to construct explicitly orthogonal bases 
for the spaces HKW") of fc-homogeneous polynomial solutions of the 
Hodge-de Rham system in the Euclidean space W" which take values in 
the space of s-vectors. Actually, we describe even the so-called Gelfand- 
Tsetlin bases for such spaces in terms of Gegenbauer polynomials. As an 
application, we obtain an algorithm how to compute an orthogonal basis 
of the space of homogeneous solutions of a generalized Moisil-Theodoresco 
system in R". 
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1 Introduction 

In what follows, we are interested mainly in the spaces Hf. (R™) of A:-homogeneous 
polynomial solutions of the Hodge-de Rham system in the Euclidean space 
which take values in the space of s-vectors. As is well known (see [34, 23]), 
the space 7^^.(M'") can be viewed naturally as an irreducible finite dimensional 
module over the orthogonal group O^m). Moreover, even for any irreducible 
finite dimensional module even over a general classical simple Lie algebra, an 
abstract definition of the Gelfand-Tsetlin (GT for short) basis is given, see e.g. 
|431 129) . The main aim of this paper is to describe an explicit construction of 
GT bases for the spaces Hf.{W"). Let us emphasize that the GT basis is always 
orthogonal with respect to any invariant inner product on the given module. 
For the spaces Hl{M.™), bases (not always orthogonal) were so far constructed 
and studied only in some special cases (e.g., for s = 1 or in low dimensions), see 
[20l[2Tl[22l[19l[39l|48l|4l[3l]- We work within the frame of Clifford analysis 
but all the results of the paper can be easily translated into the language of 
differential forms, as is explained in [7j. 

Clifford analysis can be considered as a refinement of harmonic analysis (see 
e.g. [HI [23l [30] ) . It studies mainly solutions of the Dirac equation in R™ which 
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take values in the Clifford algebra Ctm over R™. As such solutions are real 
analytic an important step is to understand first the structure of homogeneous 
polynomial solutions. On the space of C£m-valued polynomials in M™, we can 
consider the so-called L-action. The role of building blocks are then played by 
the spaces of homogeneous spinor valued solutions which are irreducible in this 
case. An explicit construction of orthogonal (or even GT) bases for these spaces 
in any dimension was explained in [5]. Let us remark that, for the construction, 
the so-called Cauchy-Kovalevskaya (CK for short) method developed already in 
[231 Theorem 2.2.3, p. 315] was used. In the introduction to the paper [5], more 
details on history of this topic are available. For the classical case we can refer 
further to[ll[3[3[Tl[I3[Ta[Ta[I3|ia[Tl[ll[lHl[Sl[M[M[Mlll3 
1331 1321 [3S] ■ Analogous results in Hermitean Clifford analysis are described in 
[101 [TTl [HITS]. 

On the other hand, on the space of Clifford algebra valued polynomials 
the 7J-action, defined in ([T]) below, can be considered. In a series of papers 
EH mUll^ 135], generalized Moisil-Theodoresco (GMT for short) systems 
have been studied. The spaces of homogeneous solutions of a GMT system 
are important examples of modules under the iJ-action. More explicitly, let 
iS* C {0, 1, . . . , m} be given and put 

rps — r[\ C9^ 

ses 

where C£f^ is the space of s-vectors in Cim- Moreover, denote by TWf (M™) the set 
of fc-homogeneous solutions of the Dirac equation in M™ (that is, spherical mono- 
genics) which take values in C£^. It is clear that, for S — {0, 1, . . . , m}, the space 
A^f (R™) coincides with the space of all /c-homogeneous Clifford algebra valued 
spherical monogenics in R™. Moreover, for S = {s}, A4f (R") = H^(R'"). Ac- 
tually, it turns out that basic building blocks for the space A^^ (R™) are just the 
spaces ?^^(R™) of homogeneous solutions of the Hodge-de Rham system (see 
Theorem [5]) . 

The main result of this paper is an explicit construction of orthogonal (or 
even GT) bases of the spaces HKR™). In Section 2, we recall briefly the Fischer 
decomposition for the iJ-action and the notion of GT basis at least for the 
orthogonal groups. We can construct the GT bases of the spaces HKR™) using 
the CK method analogously as in the case of spinor valued spherical monogenics. 
But we need first to adapt the CK method for this case, which is done in Section 
3. Finally, in Section 4, we describe an algorithm how to express GT bases of 
the spaces H^(R'") in terms of Gegenbauer polynomials by induction on the 
dimension m (see Theorem |4|). Moreover, we give explicit examples of these 
bases in dimensions 3 and 4 at least for small values of fc. As an application, 
we obtain an algorithm how to compute explicitly an orthogonal basis of the 
space Xf(R"') of homo geneous solutions for an arbitrary GMT system. In 
this paper, we just describe a construction of these bases. A detailed study of 
properties of the constructed bases will be given in a next paper. 
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2 Notations and known facts 



Let the vectors ei, . . . , form the standard basis of the Euchdean space R™. 
Denote by Mo,m the real Clifford algebra over R*" satisfying the basic multipli- 
cation relations 

and by Cm the corresponding complex Clifford algebra. In what follows, C£m 

means either Ro.m or Cm- 

The Clifford algebra dm can be viewed naturally as the graded associative 
algebra 

m 

dm — ■ 

s=0 

Here Ci^ stands for the space of s- vectors in Cim- As usual, we identify a vector 

(xi, . . . , Xm) of with the 1-vector xici H \-Xmem of Cil^. For a 1-vector u 

and an s- vector v, the Clifford product uv splits into the sum of an (s — l)-vector 
u»v and an (s + l)-vector u Av. Indeed, we have that 

uv = u»v+uAv with u»v = ^{uv — {—iyvu) and uAv = ^{uv+{—iyvu). 

By linearity, we extend the so-called inner product u • w and the outer product 
M A t; for a 1-vector u and an arbitrary Clifford number v G dm- 

In what follows, wc deal with the space V* = P*(M™) of C4n-valued poly- 
nomials in the vector variable x = (xi, . . . , Xm) of M™. Denote by V'^ the space 
of A;-homogeneous polynomials of V* and by the space of s-vector valued 
polynomials of V^. In general, for V C put Vfe = V n and V| = V n 

The Fischer decomposition for the //-action On the space V* of Clifford 
algebra valued polynomials we can consider the so-called il-action of the Pin 

group Pin(m), given by 

[H{r)P]{x) = r P(r-^x r) r'^, r G Pm(m), PgV* and x e W". (1) 

Recall that the group Pin{m) is a double cover of the orthogonal group 0{m). 

Obviously, the multiplication by the vector variable x = eixi H h emXm and 

the Dirac operator 

d = ei^^i H -I- BmOxm 

(both applied from the left) are examples of invariant linear operators on the 
space P* with the iJ-action. On the other hand, we can split the left mul- 
tiplication by a 1-vector x into the outer multiplication (x A) and the inner 
multiplication (x •), that is, 

x= (x A)-|-(x«). 
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Analogously, the Dirac operator d can be split also into two parts d = + d 
where 

m m 

a+P = ^e, A(9,^.P) and = ^ e, • (a,^P). 

Actually, the operators , (x A) and (x •) are, in a certain sense, basic 

invariant operators for the i/-action (see [26J for more details). Moreover, denote 
by "H^ = H^(R™) the space of polynomials P ^ satisfying the Hodge-de 
Rham system of equations 

d+P = 0, d-p = 0. (2) 

It is easily seen that 

Hi^{PeP^,\ dP = 0}. 

Let fl be the set of all non-trivial words in the letters (x A) and (x •). Note 
that (9"*")^ = 0, = 0, (x A)^ = and (x = 0. In particular, we have 

that the set J7 looks like 

n - {1, (x A), (x .), (x A)(x .), (x .)(x A), (x A)(x .)(x A), . . .}. (3) 

Then the right analogue of the Fischer decomposition for the i/-action reads as 
follows (see PS','37J). 

Theorem 1. The space V* of C£rn-valued polynomials m R"* decomposes as 

rn oo 

^*=eee-^^ (4) 

s=o fe=o tuen 

Remark 1. (i) In addition, we have that TLf, = {0} just for s E {0, m} and k > 1. 
In the case when dm = '^o,m (resp. Cm), we have that TLq — M. (resp. C) and 
= K Cm (resp. C cm) with cm = £1^2 ■ ■ ■ Gm- Moreover, under the 7J-action, 
all non-trivial modules HI are irreducible and mutually inequivalent. 

(ii) It is easy to see that wHf. = {0} if either s — and the word w begins 
with the letter (x •) or s = m and the word w begins with the letter (x A). 
Otherwise, each module wT-Lf. is equivalent to the module Hf.. 

Invariant inner products Recall that, on each (finite-dimensional) irre- 
ducible representation of Pin{m) there is always an invariant inner product 
determined uniquely up to a positive multiple. In what follows, we describe two 
well-known realizations of the invariant inner product on the spaces H^.(M'"), 
namely, the L2-inner product and the Fischer inner product. First, for each 
P, Q e ■P^(M"'), we define the L2-inner product of P and Q as 

(P,Q)i = / [P(;OQ(x)]odS(x) (5) 
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where S"^~^ is the unit sphere in R™ and dE is the elementary surface element 
on 5'"'"^. Here, for each Clifford number a S C£m, a stands for its Clifford 
conjugate and [a]o for its scalar part. 

Now we introduce the Fischer inner product. Each P E 7'^(R™) is of the 
form 

p(x) = 

\a\=k 

where the sum is taken over all multi-indexes a = {ai, . . . , am) of with 

|a| = ai H 1- am = k, all coefficients aa belong to C£m and x" = x"^ • • • x^" . 

For P,Q G P^(M'"), we define the Fischer inner product of P and Q as 

\a\—k 

where a\ = ail ■ ■ -amU -P(x) = ^ a^x" and Q(x) = ^6q,x". It is easily seen 
that 

(P,Q)2 = [(P(|^)g)(0)]o with P(|-)^^a„|l. 

\a\=k 

Here /9x" = (9"! /dx"^) ■ ■ ■ (9"'" as usual. 



The Gelfand-Tsetlin bases In this paper, we are interested in a construction 
of GT bases for the spaces ^^.(11$.™). It is well-known that, under the i7-action, 
the spaces HKM™) are examples of irreducible modules with the highest weights 
consisting entirely of integers, see [24]. Hence the spaces 'H^(R™) can be viewed 
as irreducible modules over the orthogonal group 0(to). Let us briefly recall 
how to construct a GT basis for the given space ^^(11$.™). 

The first step consists in reducing the symmetry to the group 0(m — 1), 
realized as the subgroup of orthogonal transformations of 0{m) fixing the last 
vector Cm- It turns out that, under the action of the group 0{m — 1), the 
space HKW"-) is reducible and decomposes into a multiplicity free direct sum 
of irreducible 0{m — l)-submodules 

= n^^rn-l). (7) 

Since this irreducible decomposition is multiplicity free the decomposition is ob- 
viously orthogonal with respect to any invariant inner product given on the mod- 
ule ■H^(M™). Moreover, as an irreducible 0(m — l)-module, each piece H{fim-i) 
is uniquely characterized by its label consisting of the highest weight for the 
corresponding SO{m — l)-module and a number of {0, ±1} (see ^24] for the la- 
bels of the spaces H^(M™)). Hence we could use the label of as its 
index /im-i. Let us remark that the decomposition ([7]) is a special case of the 
so-called branching law from representation theory. 

Of course, we can further reduce the symmetry to the group 0{m — 2), 
the subgroup of orthogonal tranformations of 0{m) fixing the last two vectors 
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em-i,em- Then we can again decompose each piece Hipm-i) of the decompo- 
sition ([7]) into irreducible 0{m — 2)-submodules Ji^^m-i, ^J'm-2) and so on. 

Hence we end up with the decomposition of the given 0(m)-module Hf. (R™) 
into irreducible 0(2)-modules Moreover, any such module HifJ.) is uniquely 

determined by the sequence of labels 

{fi,n-l,---,fJ-2)- (8) 

To summarize, we decompose the given module Hl{M.'^) into the direct sum of 
irreducible 0(2)-modules 

HliW^) = ^H{fi). (9) 

Moreover, with respect to any given invariant inner product on the module 
the decomposition © is obviously orthogonal. Now it is easy to obtain 
an orthogonal basis of the space ■H^(K'"). Indeed, each irreducible 0(2)-module 

is either one-dimensional or two-dimensional. In the latter case, the space 

decomposes further as 

where T-L{^^) are one-dimensional 50(2)-modules with the highest weights ±j 
for some natural number j. Hence we even get an orthogonal decomposition of 
the given module ■H^(R™) into one-dimensional S'0(2)-modules Tiifl), fl € P. 
Now we construct easily a basis of the space H^.(R"') by taking a non-zero vector 
e{Jl) from each one-dimensional piece Hip-)- The obtained basis 

E = {e{jl) :ileP} 

is called a GT basis of the module ?^|(M™). It is easily seen that the vector e(/i) 
is uniquely determined by its index /i up to a scalar multiple. Moreover, by 
construction, the GT basis E is orthogonal with respect to any invariant inner 
product, including the L2-inner product ^ and the Fischer inner product ©■ 



3 The Cauchy-Kovalevskaya method 

As was explained, to construct explicitly the GT basis of an 0(TO)-module 
'H^,(M™) it is first necessary to decompose the module 'Hl{MJ") into irreducible 
0(m — l)-submodules, cf. ([T]). Now we show that such a decomposition can be 
obtained using the Cauchy-Kovalevskaya method (CK for short). 

So let a polynomial p of HKM™) be given. Then p is a C^f„- valued k- 
homogeneous polynomial in the vector variable x G M™ which solves the Dirac 
equation dp — 0. In what follows, we split the vector variable x of R™ into the 
first m — 1 variables x = eixi + • • • + em-iXm-i and the last one Xm- Moreover, 
put 

o = ei- 1 1- e„_i- . 

dXi OXm~l 



6 



As is well-known, the CK extension operator CK = e^™^'"- reconstructs the 
monogenic polynomial p(x) from the initial polynomial po(x) — p(2£i 0), that is, 
p — CK{pq). In Theorem [5] below, we give compatibility conditions on these 
initial polynomials. Namely, we can always write the initial polynomial po as 

Po(x) = '«o(x) + wo(x)em 

for some polynomials uq G V^iR"^^^) and vq E 7'^^^(M™^^). Then we show 
that the initial polynomial po satisfies the compatibility conditions 

d'^uo = and O^vq — 0. 

In Theorem [2] below, we prove even that, under the action of 0{m — 1), the CK 
extension operator CK is an invariant isomorphism of the module 

I| = Ker^.a+ e (Ker^^ 9~)e™ 

onto the module Here Ker^9=^ = {u £ P|(M"-i) | = 0}. 

To realize the branching law ([7]) for the module H^(R™) it is now sufficient 
to have an irreducible decomposition 

of the module of initial polynomials under the action of 0(m — 1). Indeed, we 
then have that 

gives a realization of the branching law ([7]) for the module ■H^(R™). Finally, 
in Theorem |3] below, we describe irreducible decompositions of the 0{m — 1)- 
modules Ker^ d"^ and thus also . 

The Cauchy-Kovalevskaya extension Now we characterize restrictions of 
polynomials of the spaces ■H^(R™) to the hyperplane Xm = in M™. 

Theorem 2. (i) The Cauchy-Kovalevskaya extension operator 

CK = e^"^"^ 

is an isomorphism from the module 

U = Ker^9+ © (Ker^r' 9")e„ 

onto the module H|(]R™) which intertwines the H-action of Pinim — 1). 
(ii) Moreover, let uq G Ker^. 9^ and let vq £ Ker^^^ 9^. Then we have that 

CK{uo + voemK^) =Y.^u,i^) + J2^ v,{^)em (10) 
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where 

u, = <^ (11) 

I {-ly-Hd^drYd+vo, J=2t + l, 

\ (ra+)*^^o, j = 2t, 

w,- = < (12) 

Proof. First it is well-known that the operator CK is an isomorphism from the 
space of C£m-valued /c-homogeneous polynomials in R"*"^ onto the space 

7Wfe(M'") = {pe I 9p = 0} 

of fc-homogeneous monogenic polynomials in R™ (see |23i p. 152]). Moreover, 
the operator CK obviously intertwines the if-action of Pin{m — 1) since for 
each polynomial p G A4k{^"^), we have that 

p(x) = (e-™-™%o)(x) - E ^ (e,n9)>o(x) with po(x) = p(x,0). 

Now it only remains to show that CK{Tl) = H%{R'^). 

Let p € 7^^(R™) and let po(x) = p(x, 0). We prove that the initial polynomial 
Pq belongs to the space I^ . For each j — 1, . . . , k, put 

Pj(x) = (em9)-'po(x)- 
Of course, we can always write 

Pj(x) = uj(x) +i;i(x)e™ 



for some polynomials Uj G 'P|_ (R""^) and G 7'^z}(R™"i). Then, for each 



J = 1, . . . , fc, we show that 

= (-i)*"ia+t;j_i, = (-i)''"ia"Mj_i, d+uj^i = 0, = o. (13) 

Indeed, we have that 

Pj = emdpj-i = Cmd^Uj^i + {—ly^^d'^Vj^i and = 0, d^vj^i = 

and this since d+Uj^i G Vkl]{R"'^^) and a^Wj-i G 7'^z|(R'"-i). Hence, by 
p^ . we easily get that po S and the formulae ([TT|) and p^ . 

On the other hand, for a given ^ ^ifc? we show that the polynomial CK{pq) 
belongs to the space Hf.{M.™). But, in this case, it is easy to get the formulae 
pU)) . pl|) and ([H]), which finishes the proof. □ 
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The Fischer decompositions of the spaces Kcr^ Let us first define the 

Euler operator E and the fermionic Euler operators 9+] and 9~] by 

rn m m 

E = Xl^J"^^.' =-J2('^o •) and d'] = '^)- 

(14) 

If P G 7-"!, then it is easy to see that 

EP^kP, d+\P^sP and d^^P ^ {m~ s)P 

(see [7] for details). Putting A = E + d+\ and S = £; + 5"], we have that 
for each P e V^, AP = {s + k)P and BP ^ {m ~ s + k)P. Furthermore, in a 
classical way the Laplace operator A in M'" is defined by 

m 

Now we are ready to describe the Fischer decompositions of the spaces Ker^ d'^ . 

Theorem 3. Let 1 < s < m — 1. Then the following statements hold: 

(i) Under the H-action, the space Ker^ 9+ has the multiplicity free irreducible 
decomposition 

[(fe-l)/2] [(fc-2)/2] 

Kerld+^m® x2^(xA)7^^4,_i© y2j+2ni_,^_, (15) 

3=0 j=0 

where y2j+2 = x2-''+i((x •){A + 2j + 2) + (x A) A) with A = E + d+\. 

(a) Under the H-action, the space Ker^ 5^ has the multiplicity free irreducible 
decomposition 

[(fc-l)/2] [(fc-2)/2] 

Ker^a-=7^^© .)Ul%_,® y2,+27^U,-2 (16) 

where y2j+2 x2j+i((x A)(B + 2j + 2) + (x •)B) with B^E + d-}. 

Remark 2. It is easy to see that Ker^ d- =Vl, Ker^ d+ ^Ul, Ker^ d+ = P^" 
and Ker^a- = H^. 

Before proving Theorem |3] we need some lemmas. 

Lemma 1. // for linear operators T and S acting on the space V* we put 
{T, 5} = TS + ST, then we have that 

{(xA),(xA)} = 0, {(x.),(x.)}=0, {(xA),(x.)}=x2, 

{5+,a+} = 0, {a-,5-} = 0, {9+,9-} = -A, 

{(x.),a+}--A {(xA),a-} = -B, {(x.),9-}-0-{(xA),9+}. 
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Proof. See e.g. [7]. □ 

Using Lemma m it is easy to prove the next relations. 

Lemma 2. // for linear operators T and S acting on the space V* we put 
[T, S] = TS — ST, then we have that 

[5+,x2j'+i(x.)] =x2J(x A)A, [a+,x2J+i(x A)] = -x2j'(x A)(yl + 2j + 2), 
[9-,x2J+i(x A)] =x2J(x.)S, [a-,x2J+i(x.)] ^ -x2J(x.)(B + 2j + 2), 
[a+,x2j] = -2j x2(J-i)(x A), [9-,x2j] ^ -2j x2(:'-i)(x .), 

{a+,x2^+2(^ ,)| ^ ^^^.^^^ {a-,x2^+2(x A)} = y2,+2. 

in addition, on the space H|_2j-2i have that 

d-y2j+2 = + 2)(m + 2k- 2j - 2) x2^ (x .), a+y2,+2 = 0; 
d+y2j+2 = -(2.7 + 2)(m + 2fc - 2j - 2) x2^ (x A), a-y2,+2 = 0. 

In the proof of the Fischer decompositions of the spaces Ker^ , we shall 
also use the next decompositions. 

Proposition 1. We have that 

VI = Ker^. d+ © (x .) KgyI+_\ d+ . 

Moreover, the projection P+ of the space Vjl onto the space Ker^. 5"*" is given by 

P+ = -(s + fc)"^a+(x«). 

Proof. Obviously, using the relation {(x •),(}+} = —A of Lemma [I] we have 
that 

Ker^ d+ n (x .) Ker^+1 d+ = {0}. 
Furthermore, if for a given polynomial p £ V^, we put 

= — 9^(x •)A^^p and p^ = — (x •)d^ A~^p, 

then it is easily seen that p = p'^+p^ with j3+ G Ker^ 9+ andp^ G (x •) Ker^^^ 
This completes the proof. □ 

Of course, we can prove an analogous proposition for the operator d~ . 

Proposition 2. We have that 

VI = Kerl d- © (x A) Ker^.ll d~ . 

Moreover, the projection P^ of the space Vji onto the space Ker^ d~ is given by 

P- = -{m -s + ky^d^ix A). 
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Proof of Theorem O Using the Fischer decomposition for the iJ-action (see 
Theorem [1]) , we get the next irreducible (not multiphcity free) decomposition 
of the space : 

p-l)/2] [(fe-l)/2] 

vt = ni® ^'\^A)nr_l^_,s) x2-'(x.)H^ti2,_i© 

[{k-2)/2] [(fc-2)/2] 

© X2^ + 1(X.)7^I:_2^_2© x2-' + l(xA)H^_2,_2. 
i=0 j=0 

Applying the projections P^ of Propositions [1] and [5] to this decomposition, 
we easily get the required decompositions of the spaces Ker^ . Indeed, by 
Lemmas ID and H we have that P±(P|) = Ker^ d^, P^iUi) = HI, 

P+(x2^(xA)7^^.4._J = x2^(xA)7^^.4._,, 

P+(X2^ + 1(X.)H^_2^._2) = y2,+2-W^_2,-2, 

p-(x2^(x.)K+2,_i) = ^'H^')nti,^„ 

p-(x2^+i(xA)H^_2^._2) = y2,+2ni_,^_,. 

Moreover, the projections P^ vanish on the remaining pieces, which finishes the 
proof. □ 



4 Explicit description of GT bases 

In this section, we use the CK method explained in the previous section to 
construct quite explicitly GT bases for the spaces Hf. of solutions of Hodge-de 
Rham systems. 



Induction step First we explain how to construct GT bases for solutions 
of the Hodge-de Rham systems in when we already know these bases in 
R™~^. To do this we need some lemmas. But first recall that the Gegenbauer 
polynomial is defined as 

[i/2] / N 

^l'(^) = E (^), =^(^ + l)---(^ + J-l). (17) 

i=o 

Lemma 3. Let j £ No and let Pk E A^fe(E'""^). Then we have that 

CX(x^Pfe(x)) = X^(x,.T„0^fe(x) 
where = 1 and, for j E N, the polynomial X^, is given by 

r-^Vx T \ - //VJ ( r'^/'^+k-lf^rn. m + 2fc-2 rn/2+fc.a^m.e„xA j 
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with r={xl+xl + ---+ .T^)l/2, ^2/ ^ (^m/2+/c-l^Q^^_i 

2,+i _ m + 2fc + 2^ ^ 1 ,^-,„/2+fc,„,,_i 
'''^ - m + 2fc-2 ^^2' ^^^^ ■ 

Proof. In |23[ p. 312, Theorem 2.2.1], the corresponding polynomial we denote 
here by X^, is computed for the Cauchy-Riemann operator. Fortunately, there 
is an obvious relation between these two polynomials. Indeed, we have that 



Xl{em^,Xjn), j even, 
Xl (e„iX, Xm)em , i odd. 



To complete the proof it is sufficient to use the explicit formula for the polyno- 
mial X{. □ 

Lemma 4. Let either P e H|(K'""i) or P = Qe„ for some Q G 'H%{W"'-'^). 

(i) We have that CK{x^-\x A)P(x)) ^ XjP{x) where 

X,=Xf = Xi-\[^ A) + (1 - c) (Xi Xi^ 

with c = (s + k){m - 1 + 2fc)"^ 

(a) We have that CK{2i^-\x»)P{x)) = XjP{x) where 

X,^Xf^Xj^{x.)+c{Xl-Xi;lx) 

with the constant c being the same as in (i). 

(Hi) We have that CK{y P{x}) = Y2j+2P{2£) where 

Y2J+2 = i^2j+2 = + + (2J + 2)X2j+2- 

Here = x^^+'^Hs + k + 2j + 2)(x •) + (s + A:)(x A)). 

(iv) We have that CK{y^.P{x)) = y2,+2^^(x) where 

r2,+2 = = ("^ - 1 - S + fc)X2^'+' + (2j + 2)X2,+2. 

Here y„ . „ = x^^'+^((m + 1 - s + fc + 2j)(x A) + (to - 1 - s + k){x •)). 
/ri addition, we have that X^'^ + X^'^ — xi and that 

nA2 + n^2 = (m + 1 + 2fc + 2j) +^ 

Proof. We prove the formula in (i). Obviously, the polynomial -ff (x) — xAP(x) 
is harmonic and, as is well-known, we then have that i?(x) = Afo(x) -I-X-Mi(x) 
for some monogenic polynomials Mq and Mi. It may be easily checked that 

Mi(x) = (1 - c)F(x) and Mo(x) = ((x A) - (1 - c) x)P(x). 



12 



Moreover, by Lemma [31 we get that 

CK(x^-ii/(x)) = C7if(x^'-iMo(x)) + Cif(xWi(x)) - X^;}Afo(x)+^^:Mi(x), 

which easily completes the proof. 

Of course, we can show the formula in (ii) in quite an analogous way. The 
remaining relations in (iii) and (iv) are then obvious. □ 

Now we are ready to prove the following theorem. 

Theorem 4. Let 1 < s < to — 1 and let A; S Nq. Furthermore, let for each 
t = s — 1, s and Z = 0, . . . , fc, stand for a GT basis of the space 'Hl{M.'^~^). 

Then the space ^KK™) has a GT basis S^;" = B+ U B- wh 



ere 



[(fc-l)/2] [(fe-2)/2] 

B+^B---'yj U X,,^,B^r}^yj U Y,,^2BtP^^, and 

3=0 3=0 



[(fe-l)/2] [(fc-2)/2] 

'^2j+2»fc_2i-2 



B =Bl ^'"^ ^e™U IJ X2j+iBl:"'^.\e„,\J |J i^2j+2^fc n'J".^e, 



3=0 3=0 

-l,m— 1 r ^ 1 

-2j-l - {^23 + 1^ I -1 ^fc-2j- 



i^ere we denote, for example, X2j+ii^^_2'™i ^ = {^2j+i^'| P G '^fc-21'^1^} '^'^^ 



sr'''""'e„, = {Pe,„i p G sr'''"-'}. 

Proof. By Theorem [21 we know that the CK extension operator is an invariant 
isomorphism from the space 

XI = KeTld+ e (Ker^' 9")e™ 

of initial polynomials onto the space 7if.(W"). Moreover, Theorem [3l tells us 
that the space I| has a basis 6^. = 6+ U 6^ where 

[(fe-l)/2] [(fc-2)/2] 

3=0 j=0 

[(fc-l)/2] [(fc-2)/2] 

J— yyS — l,m — l II II 2')/' \ KfS.m — l II II ^ yjs—l.m—l 

b ^B^ ' e™U IJ X J(x.)B^,L2j_iemU (J y2j>2^fc-2j-2 em- 

As we explained before, we get the GT basis for the space H^(M™) 

by applying the CK extension operator to the elements of the basis i.e., 
CK{bf.) — Bl'"'^. To finish the proof it is now sufficient to use LemmalU □ 

Examples For C£m = C„i (resp. C£m = Ko.m), we describe below GT bases 
S^'™ (resp. Bl'"^) of the spaces "H^. (M™) of solutions of the Hodge-de Rham 
system in some special cases. If we construct GT bases for a particular space 
H|(R™) in various ways we do not claim that all of these bases are identical. 
On the other hand, we know, by the definition, that the corresponding elements 
of these bases must be the same up to non-zero multiples. 
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Example 1. We can put Sg'™ — {1}, B™'"* ~ {gai} with cm — 6162 • • • e„i and, 
for s G {0, to} and > 0, we have that B^'™ = 0. 

Example 2. The Riesz system (i.e., the case when s = 1): Assume first that 
C£m = Cm- It is well-known (see |47[ p. 460] for more details) that a canonical 
basis (i.e., a GT basis) B^^^ of the space Harmk+i{M."'^) of complex valued 
spherical harmonics of degree fc + 1 in M™ is formed (up to normalization) by 
the polynomials 

m — 3 / \ 

where r^„_j = a;^ + ■ • ■ + x'^_j and /i is an arbitrary sequence of integers 
(ki, . . . , km-2) such that fc + l = A;o>fci>...> fcm-2 > 0. Then we can 
put 

Indeed, it is easy to see that the Dirac operator d (or also 9+) is an invariant 
isomorphism from the 0(TO)-module Harmk+i{^™') onto the module 'Hj.{M.™'). 
Actually, these bases are well-known (see PU]). Furthermore, we can take 

Moreover B^'^ba/ is a GT basis of H""^(R") whenever B^;™ is a GT basis of 

In the case when C£m = Ro,m, we construct the GT bases B^'™ and S™^^'™ 
in quite an analogous way using, of course, in this case the canonical basis 

-^k+l — \'"-^tJ;+ ' "A',+ J 

of the space of real valued spherical harmonics of degree fc + 1. Here, fi is as in 
(|18p and for a complex number z, 3fJz is its real part and 3z is its imaginary 
part. 

Example 3. Let dm — ^m- We explain now how to construct GT bases B'l'"^ 
using the CK method. In the case when the dimension to = 2, we know, by 
Example 1 and Example 2, that 

B"o^ = {l}, Bl'^ = {ei2} and B]:'' = {zlw±\ (19) 

where z± — xi ± 1x2 and w± — ei ± ie2. Obviously, we can obtain GT bases 
in higher dimensions inductively with the help of Theorem |4l For example, in 
dimension 3 we have that 

Bq^ = {W±, 63}, 

^i'^ = {z±w±, {z^w+ + z+w-)/2 - 2x3e3, -z±e3 - X3W±}, 
(8x3 — 42:_(-z_)e3 — 4a;3(z_u'+ + z+w^), 

8x32:±e3 — Zj.Wzf: + {Ax^ — 2z+Z-)w±}. 



14 



Moreover, we know that B^'^ = B]^^ei2z. 

By Theorem |4l we can, for example, compute the following GT bases of 
bivector valued monogenic polynomials in dimension 4: 

■^o'^ = {ei2, 634, W±e3, ^±64}, 

BI'^ = BI'^ U B\-^ei U 

{(z+iu- + z_w+)e3/2 + 2x4634, — X3w±e3 ± iz±ei2 + 2x4U'±e4, 

i(z_ti;+ — z+w_)e4/2 + 2x4612, -^±634 + X3U'±64 + 2x4^^63}, 

BI''^ = BI'^ U B2"'^64 U 

{— X3Z±W±63 ± Z±i6i2 + 3X4Z±W±64, 

(3/2)(2:_W+ + Z+W_)(X464 - X363) - 6x3X4634, 

X3Ui±e3 — (z±/2)(z_U'+ + Z_|_W_)63 =F X3Z±i6i2 — 3X4Z±634 — 8X3X4^^64, 

— z+w_)(5x464 — X363) — (4z+z_ + 2x| — 10x|)ei2, 
(10x|— 4x|— 3z_|-z_)it;±63+10x3X4U'±64— Z£Wzp63±2x3Z±iei2 — 10x4Z±e34, 
x|w±e4 =F (z±/2)(z_u'+ — z_|_u'_)64 — x^z±e^4^ ± 3x4Z±iei2 + 3x3X4W±e3, 

X3Z±W±e4 — Z±634 + 3X4Z±U'±63, 

(3/2)i(z_u'+ - z+u'_)(x364 + X463) + 6x3X4612, 

(10x|— 4X3— 3z+Z_)lt;±64 — 10x3X4U'±63 + Z^U)ip64+2x3Z±634±10x4Z±i6i2, 

{z^w+ + z+u;_)(5x463 + X364) - {Az+z^ + 2x3 - 10x4)634}. 

To summarize we have an algorithm how to obtain any particular GT basis 
B^'™ by induction on the dimension m. Actually, all explicit examples in this 
paper were computed using the mathematical software Maple and the Maple 
package Clifford (see [1]). 

Now it remains to deal with the case when Ctm = Ko,m- Let us notice that all 
the polynomials X2j+i, X2j+i, i^2j+2 and ^2j+2 are Ro,m-valued. When we thus 
start with the GT bases pi?)) in dimension 2, the explained construction gives 
us GT bases S^.'™ with the following property: Each basis S^'™ consists partly 
of Ro,m-valued basis elements Pa and partly of pairs of complex conjugate basis 
elements P^. Obviously, we can make a 'real' GT basis S^'™ from the 'complex' 
basis S^'™ just by replacing each pair of complex conjugate basis elements P^ 
of the basis B^.'™ with the pair 5ft P+ and 

Generalized Moisil-Theodoresco systems Now we construct orthogonal 
bases for spaces of homogeneous solutions of GMT systems. Let S' be a subset 
of {0, 1, . . . ,to}. RecaU that (M™) stands for the space of A;-homogeneous 
^-valued spherical monogenics in R™, where 

r>fS _ /T\ n gs 

ses 

The following decomposition of this space is known (see [25l 135) ). 
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Theorem 5. Let S C {0,1,..., m} and S' = {s : s ± I e S}. Under the 
H-action, the space A^^(]R™) decomposes into inequivalent irreducible pieces as 

Ml (M™) = ( ) ® ( ((fc - 1 + 77Z - s)(x .) - (ft - 1 + s)(x A)) n_, ) 

A direct consequence of Theorem [S] is 
Corollary 1. The space TUf (R™) has a basis 

Sf" = f U u([j{{k-l + m- .)(x .) - (fc - 1 + .)(x A)) Bl'A . 

\ses / \ses' I 

Here B^,'™ is a GT basis of the space 7/^(11^™). In particular, the space A^fc(M™) 
of k-homogeneous Clm-valued spherical monogenics in R™ has an orthogonal 
basis B^'™' with M = {0, 1, ... , m}. 

Moreover, the basis Bf,'"^ is orthogonal with respect to any invariant inner 
product, including the L2-inner product ^ and the Fischer inner product ([5]). 

Example 4. Assume that Cim — Cm- According to Corollary [1] an orthogonal 
basis B^'™ for the corresponding GMT system includes partly GT bases B^^^^ 
of spaces ?^^(R'") for s G S* and partly subsets of the form 

V,^'" - ((fc - 1 + m - s)(x .) - (fc - 1 + s)(x A)) B'^% s G S' . 

Of course, here Vg'™ — 0. Moreover, we have that (up to a normalization) 
ym-s,m _ ys.m^^^ Hcncc, usiug Example [U to describe explicitly the orthogo- 
nal bases for all GMT systems in dimension 3 with fc = 0, 1, 2 it is sufficient to 
compute just the following sets: 

Vl'^ = {-'2'Z± + a;3W±e3 =F z±iei2, -2x3 - {z-W+ + z+w^)e3/2}, 

V2''^ — {— + 2x3Z±w±e3 =F 2z^iei2, 6x§ — 3z+z_ + 3(z_w+ + z+w-)x3e3, 
6x3Z± ± 2x3Z±iei2 + {z+z^ - 2xl)w±e3 + z^Wzpea}. 

Actually, we have again an algorithm how to obtain any particular orthogonal 
basis Sf'™. Furthermore, the case when dm — ^o,m can be dealt with as in 
Example [3] 
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